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E-mail address: r.bakaraju@ier.org.au (R.C. BakarajMeasurement of ocular wavefront aberration is becoming a popular clinical technique due to recent tech-
nical advances and an increasing awareness of its potential for practical application in the ﬁelds of sur-
gical and optical refractive correction. In addition, information about the status of peripheral refraction
determined from ocular wavefront aberrations is now being used to monitor the progression of myopia
and other refractive errors in children, and as a basis for the study of the process of emmetropization.
Several ﬁnite, anatomically accurate, wide-angled, model eyes have been proposed previously in an effort
to produce a schematic eye that accurately reproduces vision under different practical circumstances.
This paper compares these models in terms of their wavefront aberration, image quality metrics and
peripheral refraction proﬁles and contrasts these with data from real eyes to assess their relative utility.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Anatomically close, schematic, model eyes that can reproduce
the optical properties of their human counterparts are extremely
beneﬁcial. As these models simulate the real world performance
of a human eye, they can be used for a range of research and devel-
opment purposes including ophthalmic lens design, simulation of
on-eye contact lens performance, predicting the outcomes of ortho-
keratology, refractive surgery or IOL implantation and studying the
features of optical component systems. Research continues in this
area to arrive at a schematic model eye that closely replicates real
eye performance in all its various aspects. Several models have ap-
peared over the last century, with levels of complexity ranging from
thosewith reduced or single refracting surfaces, to others that allow
refractive index variation within the lens and have conicoidal,
rather than spherical, retinal surfaces. Models that can only predict
the ﬁrst order, or Gaussian, properties of an optical system with
small apertures and at small ﬁeld angles are called paraxial sche-
matic model eyes. Here, only foveal or on-axis performance is de-
scribed, and the most popular model is that of Gullstrand (1909).
Based on Listing’s work and later modiﬁed by Le Grand and El Hage
(1980), this is still considered a standard for retrieving Gaussian
ocular properties. Other paraxial models that have been proposed
include those of Bennett’s (1988), Emsley’s (1952), Gullstrand and
Blaker (1980), Drasdo and Fowler (1974) and Emsley (1952).
While Gullstrand’s exact eye model dealt with the variation of
lenticular refractive index by incorporating a two-shell structure,ll rights reserved.
C. Bakaraju).
u).recent efforts have been more elaborate (Popiolek-Masajada,
1999). Pomerantzeff et al. (Pomerantzeff, Fish, Govignon, & Sche-
pens, 1971), used a series of shells to mimic the gradient refractive
index of the lens, and both Al-Ahdali and El-Messiery (1995), who
incorporated 300 such shells, and Liu et al. (Liu et al., 2005) who
used 602, have extended this tactic. Taking a mathematical view,
Kasprzak (2000) proposed a new approximation for the whole pro-
ﬁle of the human crystalline lens involving hyperbolic cosines.
The advent of ray tracing capability through gradient index
media has led to shell structured lenses being replaced by gradient
refractive indices bounded by two aspheric surfaces. Several such
ﬁnite, or wide angle, designs have been suggested as offering good
predictions for both on, and off, axis aberrations. Those of Escudero-
Sanz and Navarro (1999), Kooijman (1983), Liou and Brennan
(1997), Lotmar (1971) and Navarro et al. (1985) are the most pop-
ular examples under this umbrella with various proposals being
made for the speciﬁcations of the various surfaces. The off-axis
aberrations of the unaccommodated form of Navarro, Santamaria,
and Bescos (1985) model were later extensively analyzed by Escu-
dero-Sanz and Navarro (1999).
Thibos and co-worker’s (Thibos, Ye, Zhang, & Bradley, 1992)
proposal of a simpliﬁed, single reduced surface model achieved
somemeasure of success, as it accurately predicted both the spher-
ical and chromatic aberrations of the eye. However, as pointed out
several years earlier, the difﬁculty remains, that any reduced eye
approach is limited in terms of its ability to truly represent real
world vision since it cannot incorporate the sort of variation in
refracting surfaces that occurs naturally (Le Grand & El Hage,
1980). Siedlecki, Kasprzak, and Pierscionek (2004) attempted to
address this problem by combining the surface parameters of Koo-
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gradient index. Although they claimed superior image quality
and low spherical aberration for their wide angle model, their work
does not appear to have gained wide acceptance and is not among
the popularly referenced examples in the literature. In an effort to
achieve ever more representative behaviour, other models have in-
cluded accommodative changes for near (Goncharov & Dainty,
2007; Gullstrand, 1909; Le Grand & El Hage, 1980; Navarro et al.,
1985), lenticular refractive index changes with age (Goncharov &
Dainty, 2007; Norrby, 2005; Popiolek-Masajada & Kasprzak,
2002; Rabbetts, 1998; Smith, Atchison, & Pierscionek, 1992; Zadnik
et al., 2003) and changing refractive error in a generic adult model
(Atchison, 2006).
In a further reﬁnement, Goncharov and Dainty (2007) incor-
porated a mathematical representation of a gradient-index
(GRIN) lens and were able to reproduce the properties of two
well-known schematic eye models, namely Navarro’s model
(Escudero-Sanz & Navarro, 1999; Navarro et al., 1985) for off-axis
aberrations and Thibos’s chromatic on-axis model (Thibos et al.,
1992).
Impressive though these various developments have been in
understanding the optics of average human eyes and assisting
the design of visual optics, it is well accepted that their predic-
tions can be substantially inaccurate for individual real eyes. To
address this issue, Navarro et al. have recently proposed the pro-
duction of personalized eye models using data uniquely derived
for each individual (Navarro, Gonzalez, & Hernandez-Matamoros,
2006). Although the optimization method they used was efﬁcient
and robustly reproduced the total wavefront aberrations of the
eyes tested, its ability to reproduce crystalline lens geometry
was limited. Also using an individual approach, Rosales and Mar-
cos (2007), working with eyes having intraocular lenses (IOL),
found good correspondence with in-vivo data. This supports
the suggestion that Navarro et al.’s attempt was restricted by
the use of an incorrect lenticular gradient index proﬁle.
During the history of schematic eye development brieﬂy re-
viewed above, it is apparent that attention has mainly been fo-
cused on the ﬁrst order properties of the system. Rather less
emphasis has been placed on the aberration proﬁle and image
quality metrics, or the behaviour of peripherally directed light
rays. Our purpose in the present work therefore, was to revisit
some selected, previously proposed, wide-angle, ﬁnite model eyes
and describe their aberration proﬁle and image quality metrics in
terms of Zernike coefﬁcients. We then wish to compare these data
with those from peer-reviewed real world studies to determine
their accuracy. Finally we wish to assess the behaviour of periph-
eral refraction in these model eyes.
2. Methods
The aberration proﬁle and image quality metrics were evaluated for each of
the ﬁve wide-angled schematic eye models listed in the Appendix using the ZE-
MAX EE Edition 2007 (Optical design program) at 5 degrees temporal to the pos-
terior pole of the eye, which is presumably the foveal location, a reference
wavelength of 589 nanometers and over variable entrance pupil diameters. Macros
were written within the Zemax environment to convert the output into a form
more easily comparable with that from commonly available clinical aberrometers.
Thus, calculation were made for the RMS of spherical, coma like, higher order
(HOA) and total wavefront aberrations for pupil diameters of 3, 4 and 6 mm.
Peripheral refraction was also calculated out to 40 degrees in each of the temporal,
nasal, superior and inferior visual ﬁelds using second order Zernike refraction and
a 3 mm pupil. The following Zernike orders were used for the root mean square
(RMS) calculations: spherical—4th and 6th, coma like—3rd and 5th, higher or-
der—3rd, 4th, 5th and 6th, total—all orders up to 6th, except piston and tilt (Atch-
ison, 2004, 2005). To obtain the refraction values in the peripheral visual ﬁeld, an
elliptical pupil was assumed. Zernike coefﬁcients were converted to off-axis cor-
rection using the methods described by Atchison, Scott, and Charman (2003,
2007).
To facilitate comparison between models the following modiﬁcations were
made prior to performing calculation: As the Lotmar and Koijmann speciﬁcations did not include coefﬁcients for chro-
matic dispersion, the Abbe-value for all the ocular media was taken to be 50.23
(Atchison & Smith, 2000). Due to this simpliﬁcation, chromatic aberration pro-
ﬁles will not be discussed for these two eyes.
 Liou & Brennan’s model considers the retinal surface to be ﬂat plane, hence it can
only predict on-axis optical performance. They also used a nasal pupil displace-
mentof 0.50 mm. In ourwork a12.4 mmcurved retinawas incorporated topermit
wide angle calculation (Atchison & Smith, 2000) and the pupil was undisplaced.
 Atchison (2006) proposed a refractive error dependent myopic model eye with
an elliptical retina having two different eccentricities along horizontal and ver-
tical meridians. The retina was also decentered and tilted. In the present work
the average value’s of Atchison’s two conicoids was taken with no tilts or dis-
placements. As we considered only emmetropic eyes, the spherical equivalent
refraction was equated to zero.
 It is well known that, aberration estimates of the eyes can be inﬂuenced by the
direction of ray tracing and especially by the positioning of the reference stop
and its size (Atchison & Charman, 2005; Guirao, Williams, & Cox, 2001). Keeping
this in view, the surface ‘‘pupil” i.e. the plane perpendicular to the optical axis
passing through the vertex of the anterior lens, was considered to be the refer-
ence stop for all the models and ‘‘into the eye” aberrometry technique was used.
For the analysis of chromatic aberration several trials were made to examine the
dispersion curve of the ocularmedia using various alternative sources and numerous
procedures. Several mathematical equations have been proposed to describe the dis-
persion curve (Atchison & Smith, 2000; Bedford & Wyszecki, 1947; Cauchy, 1895;
Conrady, 1960; Gullstrand, 1909; Llorente, Diaz-Santana, Lara-Saucedo, & Marcos,
2003; Polack, 1923; Sivak & Mandelman, 1982; Sharma, Kumar, & Ghatak, 1982).
In this study, to standardize the work of all the models, dispersion coefﬁcients were
reﬁtted using Sellmeier’s equation. The reference beam used for the calculations had
three wavelengths in visible spectrum i.e. 420, 589 and 760 nm.
Fourier transformation is a mathematical operation to link the point spread
function (PSF), modulation transfer function (MTF), phase transfer function (PTF)
and optical transfer function (OTF). In this way, the expected retinal image for
any visual object can be computed, overcoming the great handicap imposed on cli-
nicians and visual scientists by the natural inaccessibility of the retinal image
(Goodman, 1996). To quantify image quality the metrics Strehl ratio, PSF and Fou-
rier transformed MTF were chosen.3. Model predictions vs experimental data
The Gaussian properties and Seidel aberrations of the models
are well described in Optics of human eye (Atchison & Smith,
2000), Appendix 3 Schematic eyes. Due to the increasingly wide-
spread use of Zernike polynomials as opposed to Seidel aberrations
to describe human visual optics we chose to adopt this method in
the following descriptions.
3.1. Monochromatic aberrations
Table 1a shows calculated results for spherical, coma like and
higher order aberrations for each of the ﬁve eye models. For com-
parison, Table 1b summarizes data for these same aberrations ob-
tained from real eyes as reported in the literature.
Both the Liou & Brennan and Atchison models predict the spher-
ical aberration to be closer to, and slightly lower than, the average
population estimate, for a 6 mm pupil, of 0.10–0.15 lm. The
remaining models predict almost 2–3 times more than this.
Atchison predicts an extremely low coma value of 0.04 lm, for
6 mm pupil. However, if, as in his original speciﬁcation, tilt and
decentration are included, the model demonstrates an appreciable
level of coma, i.e. 0.20 lm. For the other models, coma is pre-
dicted to be closer to the mean range of 0.10–0.20 lm. All the
models except Liou & Brennan and Atchison predict higher order
aberrations close to the average range of 0.20–0.35 lm. Liou &
Brennan and Atchison underestimate higher order aberrations
by about 50%.
Fig. 1 shows the RMS of spherical aberration, coma, higher order
aberrations and total aberrations using the Zernike coefﬁcients for
all the model eyes as a function of pupil size. Note that because the
normative group contains a mixture of ametropias, while the eye
models are uniformly emmetropic, comparison of total RMS aber-
rations can only be made within the models and not with the real
Table 1a
Summary of spherical, coma like and higher order aberrations from major peer-reviewed articles in the recent past
Year Author/group Pupil C(4,0) & (6,0) C(3,±1) & (5,±1) 3rd to 6th Ord
RMS Sph RMS Coma RMS (HOA)
1999 Calver et al. (1999) 6 0.175 (Mean)  
2001 Porter et al. (2001) 5 0.138 (Mean)  
2002 Thibos et al. (2002) 6 0.120 (Mean)  0.500 (Mean)
2002 Artal et al. (2002) 6 0.110 (Mean)  
2003 Wang and Koch (2003) 6 0.128 ± 0.074 0.170 ± 0.089 0.305 ± 0.095
2003 Isabelle et al. (2003) 5 0.048 0.124 
2003 Cheng et al. (2003) 6 0.084 ± 0.113  0.284 ± 0.095
2003 He et al. (2003) 6 0.06 ± 0.22  
2004 Kelly et al. (2004) 6 0.132 ± 0.017 0.084 ± 0.011 
2004 Cheng et al. (2004) 5 0.084 (Mean)  
2004 Amano et al. (2004) 6 0.175 (Mean)  
2005 Alio et al. (2005) 6 0.160 (Mean)  
2006 Salmon et al. (2006) 6 0.133 ± 0.094 0.192 ± 0.115 0.327 ± 0.130
Table 1b
Summary of spherical, coma like and higher order aberrations calculated for each of ﬁve model eyes at 6 mm pupil diameter
Year Model eye Pupil C(4,0) & (6,0) C(3,±1) (5,±1) HOA (Upto 6 Ord)
Root mean square values in microns
1971 Lotmar (1971) 6 0.32 0.21 0.39
1983 Kooijman (1983) 6 0.27 0.18 0.33
1999 Escudero-Sanz and Navarro (1999) 6 0.24 0.20 0.32
1997 Liou and Brennan (1997) 6 0.11 0.07 0.13
2006 Atchison (2006) 6 0.09 0.04 0.10
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Fig. 1. RMS of spherical aberration (a), COMA (b), higher order aberrations (c) and total aberrations (d) using the Zernike coefﬁcients over variable pupil diameters for all the
models.
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converge to zero below a pupil size of 3 mm.Because spherical aberration plays a signiﬁcant role in the com-
pensation of corneal aberration by the internal optics of the eye
Table 3a
RMS of spherical aberration with eccentricity (6 mm pupil)
Eccentricity Lotmar
(1971)
Kooijman
(1983)
Escudero-Sanz
and Navarro (1999)
Liou and
Brennan
(1997)
D
Atchison
(2006)
RMS of spherical aberration C(4,0) & C(6,0) in microns
0 0.33 0.27 0.24 0.11 0.09
10 0.35 0.29 0.27 0.13 0.11
20 0.40 0.32 0.31 0.15 0.13
30 0.42 0.33 0.33 0.18 0.16
Table 3b
RMS of coma with eccentricity (6 mm pupil)
Eccentricity Lotmar
(1971)
Kooijman
(1983)
Escudero-Sanz
and Navarro (1999)
Liou and
Brennan
(1997)
D
Atchison
(2006)
RMS of COMA C(3,±1) & C(5,±1) in microns
0 0.21 0.18 0.20 0.07 0.04
10 0.63 0.55 0.61 0.19 0.10
20 1.03 0.88 0.99 0.25 0.14
30 1.32 1.12 1.25 0.23 0.10
Table 3c
RMS of HOA with eccentricity (6 mm pupil)
Eccentricity Lotmar
(1971)
Kooijman
(1983)
Escudero-Sanz
and Navarro (1999)
Liou and
Brennan
(1997)
D
Atchison
(2006)
RMS of HOA (3rd to 6th) in microns
0 0.38 0.32 0.31 0.12 0.10
10 0.72 0.62 0.66 0.22 0.15
20 1.10 0.94 1.03 0.30 0.19
30 1.40 1.18 1.31 0.32 0.22
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ious components were studied and are listed in Table 2.
Among the model eyes, only Liou-Brennan and Atchison ap-
proach real eye behaviour, where the internal optics compensates
for the higher corneal spherical aberration. This is probably due to
the gradient index proﬁles deﬁned in these models and perhaps, to
a lesser extent, the lenticular curvatures and asphericities chosen.
The Goncharov and Dainty model was also similar in this respect.
The Lotmar, Kooijman and Navarro-Escudero models predicted
corneal and ocular aberrations to be additive in nature.
3.2. Monochromatic aberrations vs eccentricity
It is well known that the optics of the peripheral retina are poor,
largely because of defocus together with oblique astigmatism and
curvature of ﬁeld. Only few studies have investigated how aberra-
tions like spherical aberration and coma vary with the retinal
eccentricity (Atchison & Scott, 2002; Navarro, Moreno, & Dorrons-
oro, 1998). Changes of monocular aberrations as a function of
eccentric ﬁeld angle calculated for the models are shown in Tables
3a, 3b and 3c.
As expected, every model predicted increase in aberrations with
eccentricity. The RMS of both spherical and higher order aberra-
tions doubled at a retinal eccentricity of 30 degrees, in agreement
with previous published data on the off-axis image quality of hu-
man eyes (Atchison & Scott, 2002; Navarro et al., 1998). Model pre-
dictions also showed that the RMS of coma increased rapidly so
that at 30 degrees it was about 6–10 times greater than the central
value, a ﬁnding not reported in any of the in-vivo studies.
Navarro et al. (1998) found higher mean levels of third-order
and fourth order aberrations with changes in visual ﬁeld and ob-
served substantial asymmetry in all their subjects in that the nasal
aberrations were higher than the temporal ones. Clearly, none of
the models could have replicated this ﬁnding as they all were all
rotationally symmetric.
3.3. Peripheral refraction
Atchison et al. have presented a comprehensive investigation
into the relationship of peripheral refractive errors in both horizon-
tal and vertical visual ﬁelds to the on-axis refraction at different
degrees of myopia (Atchison, Pritchard, & Schmid, 2006; Atchison,
Pritchard, White, & Grifﬁths, 2005). We re-calculated the patterns
and proﬁles of peripheral refractive error for the emmetropic pop-
ulation along both horizontal and vertical meridians using the ﬁrst
and second order coefﬁcients provided and compared these with
model derived values.
Althoughemmetropic, themodels of Lotmar, KooijmanandEscu-
dero-Navarro predict hypermetropic shifts in the horizontal periph-
eral ﬁeld. On the other hand, Liou & Brennan and Atchison predictTable 2
Contribution of corneal and internal optics to the spherical aberration of the human eye
Year Author/group P size
2003 He et al. (2003) 6
2004 Amano et al. (2004) 6
2004 Kelly et al. (2004) 6
2005 Alio et al. (2005) 6
Model Eye P size
1971 Lotmar (1971) 6
1983 Kooijman (1983) 6
1999 Escudero-Sanz and Navarro (1999) 6
1997 Liou and Brennan (1997) 6
2006 Atchison (2006) 6
Comparison between mean model eye derived values and the experimental real eye valmyopic shifts in the periphery in good agreement with prior exper-
imental studies (Atchison et al., 2006; Atchison et al. 2005; Gustafs-
son et al., 2001; Millodot, 1981; Seidemann et al., 2002). Even
though all the models were conﬁgured to simulate an emmetropic
eye,most showed a slightmyopic shift at the fovea, i.e. zero degrees,
for 3 mm pupil. Presumably as a consequence of the assumption of
an elliptical conicoid (Q = 0.26) for its retina, the Atchison model
shows a small shift of the predicted mean sphere (M) towards the
hyperopic side at around 30–40 degrees. (See Fig. 2a).
As can be seen in Fig. 2b, the experimental data for the vertical
meridian of emmetropes also showed a myopic shift in the periph-
ery. Contrary to that, almost all themodels predicted relative hyper-
opia. Atchison et al. found that emmetropes have a higher relative
degree of myopic shift in the vertical meridian than horizontal. In
most of the subjects they studied, temporal-nasal asymmetry was
observed. However, as none of the models reproduced this, they
would appear to share a substantial limitation in this respect.Ocular Corneal (Ant) Internal
Sph Aberr (Z(4,0)) Sph Aberr (Z(4,0)) Sph Aberr (Z(4,0))
0.060 0.300 0.240
0.175 0.255 0.080
0.132 0.207 0.075
0.160 0.260 0.100
Sph Aberr (Z(4,0)) Sph Aberr (Z(4,0)) Sph Aberr (Z(4,0))
0.325 0.166 0.159
0.273 0.190 0.083
0.243 0.189 0.054
0.108 0.239 0.131
0.090 0.260 0.150
ues.
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Fig. 2. (a) Mean sphere (M) of horizontal peripheral refraction for ﬁve schematic models compared to the experimental data reproduced from Atchison et al., 2006. Positive
sign indicates temporal retinal meridian, while negative indicates nasal meridian. (b) Mean sphere (M) of horizontal peripheral refraction values for ﬁve schematic models
compared to the experimental data reproduced from Atchison et al., 2006. Positive sign indicates superior retinal meridian, while negative indicates inferior meridian.
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with increasing eccentricity along the horizontal meridian for
all the models. However, the astigmatism predicted by Liou &
Brennan and Atchison seems to be overestimated by about
50% compared to both the rest of the models and the experi-
mental data (Atchison et al., 2006). As evident in Fig. 3b, J180
along the vertical visual ﬁeld showed positive refraction shifts
rather than the negative shifts that occurred in the horizontal
meridian.
Both Liou & Brennan and Atchison showed similar results
along the horizontal and vertical meridians for J180 astigma-
tism, except that the signs are opposite. Atchison’s J180 values
were slightly closer to the experimentally derived in-vivo read-
ings, along the vertical meridian. The other four models all re-
turned higher levels of J180 astigmatism, with Kooijmanoverestimating the J180 values and deviating very substantially
from the in-vivo data.
Figs. 4 a and b show J45 as a function of retinal eccentricity for
all the models together with data from an experimental in-vivo
study (Atchison et al., 2006). Since there is no tilt or decentration
of the ocular elements in front of the retina for any of the selected
models, the astigmatism (J45) measured in the horizontal periph-
ery always hits zero. However, that was not the case in real eyes
(Atchison et al., 2006; Atchison et al., 2005; Gustafsson et al.,
2001). Atchison et al. (2006) showed consistent deﬂections away
from zero for the J45 component in the peripheral visual ﬁeld Most
of the values for the vertical meridian were signiﬁcantly different
from zero and were about two to three times greater than those
measured horizontally. Along both meridians there were linear
relationships between J45 and retinal eccentricity.
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Fig. 3. J180 Astigmatic values of peripheral refraction in both horizontal and vertical meridians. All the schematic eye models compared with experimental data reproduced
from Atchison et al., 2006. Data in the positive Y direction represent the vertical retinal meridian, while data in the negative Y direction represent the horizontal. The positive
X direction indicates temporal and superior meridians while the negative X direction represents nasal and inferior meridians.
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Chromatic aberration, or dispersion, occurs due to the fact that
the refractive index of a material varies with the incident wave-
length of light. Refractive power therefore changes for different
wavelengths and the system loses the capability of focusing all
the wavelengths at a single point.
The chromatic aberration proﬁle for the three relevant models
are described in Fig. 5a, b and c, in terms of longitudinal chromatic
aberrations and the chromatic focal shift in both millimeters and
diopters. While all the results were well within the range limits
of the real eye data, Liou & Brennan’s model predicted the least
on-axis chromatic aberration in the visible spectrum.
Possibly this was due to their assumption that all the ocular
media have similar dispersive properties to water a situation con-
trary actual fact and available experimental evidence (Atchison &
Smith, 2000; Bedford & Wyszecki, 1947; Cauchy, 1895 Conrady,
1960; Gullstrand, 1909; Llorente et al., 2003; Mandelman & Sivak,
1983; Sharma et al., 1982; Sivak & Mandelman, 1982).
3.5. Image quality metrics
3.5.1. Strehl ratio
The ratio of the height of the Point spread function curve (PSF)
at the Gaussian image point in the presence of aberration, to that of
the height of the PSF that would be obtained if no aberration were
present (Diffraction Limit), is called the Strehl ratio. This ranges
from 0, where signiﬁcant aberrations are present to 1, for a perfect
system. This calculation is valid only for small pupil diameters or
optical systems having small wavefront aberrations.
Strehl ratios were calculated for all the models at 3 mm & 4 m
pupils, and compared with those of Guirao et al. (1999) who mea-
sured the optical performance in subjects aged 20–30 years, with
artiﬁcial pupils of 3, 4 and 6 mm. The results are shown in Table
4a and it can be seen that all the schematic model eyes predicted
a higher ratio than the in-vivo values.
The behaviour of Strehl ratios with retinal eccentricity are
shown in Table 4b. At the fovea all the models gave substantially
similar results with a mean at 3 mm of 0.7 which falls effectively
to zero by 10 degrees off axis.3.5.2. Point spread function
Point spread function graphs were computed for all the sche-
matic models at a pupil diameter of 6 mm and are shown in
Fig. 6. The retinal image qualities retrieved using relative irradi-
ance height and width, were found to be similar in each case.
3.5.3. Modulation transfer function
Modulation transfer function graphs were reproduced from the
analytical expressions and constants provided by Artal & Guirao, at
a constant pupil diameter and various spatial frequencies (Artal &
Navarro, 1994; Guirao et al., 1999). Additional curves were pro-
duced using the coefﬁcients given by Navarro & William’s group
at various retinal eccentricities (Navarro, Artal, & Williams, 1993;
Williams, Artal, Navarro, McMahon, & Brainard, 1996). These val-
ues were compared to the different schematic model predictions
described in Figs. 7 and 8.
Up to a spatial frequency of 60 Cyc/mm, all the schematic mod-
els overestimated the MTF compared with experimental in-vivo
data. Inspection of Fig. 7 shows a larger area under the Fourier
transformed modulation transfer function curve, at 6 mm pupil
diameter, for both the Liou-Brennan and Atchison models than
the rest. However, above 45 Cyc/mm, all the models converged.
Fig. 8, illustrates how the Fourier transformed MTF data of all
the models and experimental data as a function of retinal eccen-
tricity, at a 30 Cyc/mm spatial frequency, with 6 mm pupil diame-
ter. The schematic models chosen for comparison predicted off-
axis image quality in terms of MTF which declined sharply
throughout the retinal ﬁeld and lapsed to zero in the far periphery
of about 40 degree eccentricity.
4. Discussion
We have reviewed various wide-angled schematic model eyes
and derived aberrations, image quality metrics and peripheral
refraction proﬁles for each one and compared them with data from
peer-reviewed in-vivo studies. Most of our results were consistent
with the real eye data (Artal & Navarro, 1994; Atchison et al., 2006;
Guirao et al., 1999; Navarro et al., 1993; Navarro et al., 1998),
showing that all the models chosen for comparison mimic real
world performance reasonably well for small pupil diameters. At
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Fig. 4. (a) J45 term of horizontal peripheral refraction values up to 40 degrees of ﬁeld of all the models compared with experimental data reproduced from Atchison et al.,
2006. Positive direction of X-axis indicates temporal retina, while negative indicates nasal retinal meridian. (b) J45 term of vertical peripheral refraction values up to 40
degrees of ﬁeld of all the models compared with experimental data reproduced from Atchison et al., 2006. Positive direction of X-axis indicates superior retina, while negative
indicates inferior retinal meridian.
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maintained this good performance; however the others were
noticeably less than ideal. Escudero-Navarro’s model agrees well
with the experimental ﬁndings for both on-axis and off–axis aber-
ration properties of the real eye, even though it does not incorpo-
rate the gradient index structure of the crystalline lens.
Although in terms of the parameters of the anterior cornea all
the models under study were fairly similar several differences
were evident in other areas. Probably due to their reliance on Pur-
kinje imaging techniques, which have limited ability to generate
acceptable data on the parameters of the posterior corneal surface
(Lowe & Clark, 1973), both Lotmar and Escudero-Navarro consid-
ered this surface to be perfectly spherical. With the evolution of
videokeratoscopy in combination with pachymetry and Scheimpf-
lug imaging techniques, the posterior corneal parameters became
better deﬁned (Carney, Mainstone, & Henderson, 1997; Dubbel-
man, Sicam, & Van der Heijde, 2006; Dubbelman, Weeber, van
der Heijde, & Volker-Dieben, 2002; Dunne, Royston, & Barnes,
1992; Eghbali, Yeung, & Maloney, 1995; Patel, Marshall, & Fitzke,
1993; Read, Collins, Carney, & Franklin, 2006). Thus Kooijman,
Liou-Brennan & Atchison were able to substitute different levelsof prolate asphericity into their models. As a consequence, both
the Lotmar and Escudero-Navarro models underestimated the cor-
neal spherical aberration component and had a signiﬁcant level of
coma like aberrations contributed by both corneal and ocular ele-
ments. Although the models of Kooijman, Liou-Brennan and Atch-
ison had relatively high amounts of corneal spherical aberration,
this was well compensated by the internal optics. The result was
low levels of both spherical and coma-like aberrations for the
whole ocular system.
The lenticular components of the eye constitute the most debat-
able parameters of the ocular system, especially the gradient index
proﬁle of the lens and the asphericity constants (Q) of both anterior
and posterior lenticular surfaces. Most importantly, these play a
major role in contributing to the spherical aberration of the whole
eye as an imaging system. The Lotmar, Kooijman and Escudero-
Navarro models did not incorporate the gradient index proﬁle of
the lens. Instead, they considered the lens to have a uniform homo-
geneous refractive index of 1.42. On the other hand, Liou-Brennan
and Atchison ﬁtted the lens refractive index with a gradient index
proﬁle based on published data (Atchison & Smith, 1995; Camp-
bell, 1984; Jones, Atchison, Meder, & Pope, 2005; Nakao, Ono, Nag-
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Table 4a
Strehl ratio values with variation in pupil diameter NC (not computed, due to the
limitation of the formula used which is true only for small pupil diameters or optical
systems with low wavefront aberrations)
Pupil
(mm)
Lotmar
(1971)
Kooijman
(1983)
Escudero-Sanz
and Navarro
(1999)
Liou
and
Brennan
(1997)
D
Atchison
(2006)
Guirao
et al.
(1999)
Strehl ratio vs pupil diameter
3 0.797 0.811 0.789 0.703 0.766 0.40
4 0.291 0.303 0.340 0.187 0.215 0.20
6 NC NC NC NC NC 0.10
Table 4b
Strehl ratio values with variation in retinal eccentricity
Eccentricity Lotmar
(1971)
Kooijman
(1983)
Escudero-Sanz
and Navarro (1999)
Liou and
Brennan
(1997)
D
Atchison
(2006)
Strehl ratio vs peripheral ﬁeld (3 mm pupil)
0 0.797 0.811 0.789 0.703 0.766
10 0.239 0.144 0.217 0.165 0.180
20 0.048 0.024 0.043 0.017 0.026
1688 R.C. Bakaraju et al. / Vision Research 48 (2008) 1681–1694ata & Iwata, 1969; Palmer & Sivak, 1981; Pierscionek, 1989; Sivak &
Mandelman, 1982).
For the surface radii and asphericity constants Liou-Brennan re-
lied on Brown’s (1974) measurements to derive a symmetric con-icoid to represent the shape of both anterior & posterior lens
surfaces. Atchison used Dubbelman and colleagues data (Dubbel-
man & Van der Heijde, 2001; Dubbelman, van der Heijde, & Wee-
ber, 2001) to ﬁt these lens parameters. Being aware of the
accumulated effects of errors in ray tracing backwards through
the eye in the Scheimpﬂug technique used by Dubbelman, he felt
that the posterior surface asphericity constants were likely to be
inaccurate. Accordingly he chose a value that ensured the spherical
aberration term of the model was consistent with literature nor-
mative data.
It is known that the lenticular parameters, especially the gradi-
ent index proﬁle and the asphericity constants, contribute most
signiﬁcantly to the disagreement between models. In an attempt
to satisfy both Navarro’s monochromatic off-axis and Thibos’s
chromatic on-axis performance, Goncharov and Dainty (2007) pro-
posed complex mathematical equations to describe gradient index
proﬁles for three different versions, namely unbalanced (U), bal-
anced (B) and simpliﬁed (S). They attempted to describe the refrac-
tive index distribution in the crystalline lens by using analytical
methods that can be easily adapted for age related changes in
the shape of the lens and optical power. Adopting ‘reverse ray-trac-
ing’, otherwise known as the ‘eye-inverse’ method, they made the
anterior and posterior lens asphericity constants variables during
an optimization routine, resulting in ﬁnal coefﬁcients of 1.0 and
0.50, respectively.
Liou-Brennan approach was to derive a gradient index proﬁle
from anatomical data (Atchison & Smith, 1995; Brown, 1974;
Campbell, 1984; Nakao et al., 1969; Palmer & Sivak, 1981; Piersci-
onek, 1989; Sivak & Mandelman, 1982). They considered the ante-
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R.C. Bakaraju et al. / Vision Research 48 (2008) 1681–1694 1689rior lens surface to be a prolate ellipse with Q = 0.96, and the pos-
terior lens surface to be an oblate ellipse of Q = +0.96. These values
appear to depart from the recent in-vivo experimental data of
Dubbelman, Van der Heijde, and Weeber (2005); Dubbelman,
Van der Heijde, Weeber, and Vrensen (2003).
Exact distribution of refractive index within the human lens
though critical for an accurate optical model is still one of the most
difﬁcult parameters to measure (Dubbelman & Van der Heijde,
2001; Dubbelman et al., 2001, 2002, 2005; Navarro, Palos, & Gonz-
alez, 2007a, Navarro, Palos, & Gonzalez, 2007b; Pierscionek, 1988,
1989; Rosales, Dubbelman, Marcos, & van der Heijde, 2006; Smith,
Pierscionek, & Atchison, 1991, 1992; Smith, 2003; Smith & Atchi-
son, 2001; Smith & Garner, 1996; Vazquez, Acosta, Smith, & Gar-
ner, 2006). Recent advances in instrumentation and technology
are creating opportunities to access more reliable normative data
on ocular biometrics. One of these (Jones et al., 2005), uses non-
invasive magnetic resonance imaging to measure the refractive in-
dex distribution, and appears promising as a means of providing
more realistic data.Kooijman offered two models of retinal radii, one with a radius
of 10.80 and Q of zero and the other with a radius of 14.10 and
Q of 0.36. While on-axis, the aberration proﬁle and refraction per-
formance were similar between the two scenarios, the off axis
aberration proﬁle and peripheral refraction differed. Both showed
a peripheral hyperopic shift, but the ﬂatter retina was relatively
lower and closer to the in-vivo data.
Most of thewide angledmodels proposed give a reasonably good
prediction of spherical aberration on axis. This is not unexpected, as
the parameters are deliberately selected to achieve this goal. For
example, Atchison chose the posterior surface asphericity to satisfy
the conditionof optimal spherical aberration to agreewith literature
values. Goncharov & Dainty chose both the anterior and posterior
lenticular asphericities to be variables in the optimization routine,
again to satisfy the condition of real eye spherical aberration. This
constitutes a reverse ray tracing approach where ocular parameters
are adjusted to achieve a speciﬁc aberration proﬁle.
Several efforts have been made to calculate modulation transfer
function (MTF) of human in-vivo eyes for different pupil sizes and
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method (Artal, Ferro, Miranda, & Navarro, 1993; Artal & Navarro,
1994; Guirao et al., 1999; Jennings & Charman, 1978, 1981; Liang
&Williams, 1997;Navarro et al., 1993;Williams et al., 1996). Navar-
ro et al. (1993), using an improvement on the double pass procedure
of Santamaria, Artal, and Bescos (1987), measured the two-dimen-
sional monochromatic modulation transfer function at several ﬁeld
angles in the horizontal meridian of the retina. Their results were in
linewith the conclusions of Jennings and Charman (1978, 1981) and
provided reasonable estimates of the off-axis modulation transfer
function. Navarro et al. (1993) used free-state accommodation and
natural pupil measurements, while Williams et al. expanded their
investigation to obtainmeasurements at 3 mmpupilwith paralyzed
accommodation (Williams et al., 1996). Common to all these groups
is the rather small sample size they had available.
All the schematic models we studied predicted relatively good
off-axis image quality over a wide visual ﬁeld that declined sharply
to near zero levels beyond 40 degrees. These predictions slightly
over estimate the image quality when compared to the ﬁndings
of experimental studies of different groups of researchers (Artal
& Navarro, 1994; Navarro et al., 1993; Navarro et al., 1998; Wil-
liams et al., 1996). This can be partly attributed to the apodization
of pupil and scattering function in the human eye. Apodization re-
fers to the uniformity of illumination in the entrance pupil of an
optical system. By default the pupil is always uniformly illumi-
nated in the software used for simulation. Moreover, all schematic
modeling assumes a scatter free environment. Clearly, this is not
true in the real eye, where image formation is strongly inﬂuenced
by scattering. Finally, the Stiles-Crawford effect governs the illumi-
nation level at retinal eccentricities but was not accounted for
(Atchison & Smith, 2000; Drasdo & Fowler, 1974; Stiles & Crawford,
1993).
The theory that defocus and astigmatism induced in the periph-
eral retina has been credited to inﬂuence the development of myo-
pia, and has lead to a large increase in research activities in
peripheral refraction. Different peripheral refraction patterns have
been reported with various levels of ametropia. Overall these stud-
ies suggest that both hypermetropes and emmetropes have rela-
tive myopic shifts in the horizontal peripheral ﬁeld, while
myopes have relative hypermetropic shifts (Atchison et al., 2006;
Atchison et al., 2005; Charman, 2005; Charman & Jennings, 2006;
Gustafsson et al., 2001; Millodot, 1981; Seidemann, Schaeffel, Guir-ao, Lopez-Gil, & Artal, 2002). Gustafsson et al. found that peripheral
refraction in emmetropic in-vivo eyes have large astigmatism, i.e.
J180 about 5–8 diopters with increased in retinal eccentricity up
to 50 degrees, however with large individual variations. All the
models here predicted way less than this dioptric range.
To give further insightwe considered howminor amendments to
the individual parameters of ﬁvemodelsmight bemade so that their
predictions would match real eyes. From discussion above, it is evi-
dent that Liou-Brennan & Atchison’s models attempt to reproduce
real eye performance was reasonably successful. While the remain-
ing three models were fairly close to this, slight changes in their
parameters would appear to be able to move them closer still. For
example, if the anterior and posterior lenticular asphericities in
these models are chosen to be 4 & 2, respectively, both the RMS
of spherical and coma like aberrations fall into the real eye range.
If retinal curvature is slightly ﬂattened to 13 mm rather than
12 mm for both Lotmar & Escudero-Navarro eyes and the
14 mmradiusandaQof0.36 taken forKooijman, peripheral refrac-
tion proﬁles all become similar to those predicted by Liou-Brennan
and Atchison models and also are close to the human ﬁndings.
The last modiﬁcation derives from the fact that real eye retina
are asymmetrical in that they show different curvature along the
horizontal and vertical meridians (Atchison et al., 2004; Mutti,
Sholtz, Friedman, & Zadnik, 2000). Re-calculating peripheral refrac-
tion for Atchison’s model with the two different retinal conicoids
that he proposed, gave a closer ﬁt to the in-vivo data especially
for the vertical meridian.
It will be remembered that certain modiﬁcations were made to
the model speciﬁcations in order to permit a harmonized approach
to calculation. To verify that these changes were relatively inconse-
quential, we recalculated each model after replacing the original
parameters with the following results.
The exercise of replacing the nasal pupil displacement into the
Liou-Brennan model calculations, as in their original proposal, did
not result in any signiﬁcant change from the un-displaced version.
In turn, Atchison’s model was re-analyzed after replacing tilts to
the lens and retina and decentering the latter. For coma like aber-
rations, the RMS for this model came out to be very large, at about
0.20 lm. With 3 degrees of corneal tilt however, this reverted back
into the expected normal range. Peripheral refraction proﬁles pre-
dicted by these tilted models did not well match the data from real
eyes.
R.C. Bakaraju et al. / Vision Research 48 (2008) 1681–1694 1691Over the last 100 years, a large number of optical models of
the human eye have evolved with a wide range of sophistication
and features. Some have included changes in accommodation for
near objects, others incorporated lenticular refractive index
changes with age, and few looked into changes with refractive
error, still others included tilted and decentered retinal ellip-
soids, tilted lens and displaced pupils. The next generation of
optical models is expected to be based on the latest results of
ocular parameter measurements and to include the use of toroi-
dal corneas, the Zernike description of the whole cornea surface
rather than mean keratometric values, and also decentration and
tilt of the cornea.
It is well known that aberrations, diffraction, and scatter de-
grade retinal image quality. The ﬁrst two have been taken into
account in most of the previous models discussed. Light scatter
could occur from normal aging, cataract, corneal opacity, the iris,
the retina and corrective aids. The next stage of sophistication
should be incorporating scattering effects into models that ‘‘age”
as well as including Stiles-Crawford effect when working off
axis.
The chief concern to be addressed in eye modeling is the art
of showing diversity between models without sacriﬁcing overall
generality. We believe that this could only be effectively
achieved with personalized eye models such as have been previ-
ously discussed. In spite of many novel and promising, advance-ments in technology intended to effectively understand the
highly complex optical system of the human eye with its multi-
layered crystalline lens structure, the gradient lenticular refrac-
tive index proﬁle and the exact shape of the lenticular surfaces
still remain a mystery. We look forward to the availability of
more robust techniques and the accumulation of additional nor-
mative data that will permit future researchers to solve these
problems and develop a personalized optical replica of every
tested human eye.
5. Conclusion
Among the ﬁve selected models, Liou-Brennan & Atchison mod-
els gave a closer match with real eye data, in the aspects of RMS
spherical aberrations, HOA & Coma and also peripheral refraction
proﬁles. However with minor modiﬁcations, other model predic-
tions fell within the proximity of the in-vivo eye data range. The
horizontal peripheral proﬁles of the models show a closer inclina-
tion to real eye proﬁles than the vertical.
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search Centre, Australia.Appendix. Prescriptions of the wide angle model eyesSNo Surface name Radius of curvature Medium Thickness ConicA. Lotmar (1971)
1 Cornea Ant 7.80 1.3771 0.55 0.286*
2 Cornea post 6.50 1.3374 3.05 0
3 Pupil Inﬁnity 1.3374 0.00 0
4 Ant lens 10.20 1.4200 4.00 0
5 Post lens 6.00 1.336 16.59655 1.00
6 Retina 12.30* Adopted from D Atchison instead of using an equation proposed by Lotmar.SNo Surface name Radius of curvature Medium Thickness ConicB. Kooijman (1983)
1 Cornea ant 7.80 1.3771 0.50 0.25
2 Cornea post 6.50 1.3374 3.05 0.25
3 Pupil Inﬁnity 1.3374 0.00 0
4 Ant lens 10.20 1.4200 4.00 3.06
5 Post lens 6.00 1.336 16.59655 1.00
6 Retina 10.80
Kooijman offered twomodels of retinal radii; one with a radius of 10.80 with Q of zero and the other with a radius of14.1 with Q of 0.36.SNo Surface name Radius of curvature Medium Thickness ConicC. Liou and Brennan (1997)
1 Cornea ant 7.77 1.376 0.55 0.18
2 Cornea post 6.40 1.3374 3.05 0.60
3 Pupil Inﬁnity 1.3374 0.00 0
4 Ant lens 12.40 Grad A 1.59 0.94
5 Equator Inﬁnity Grad P 2.43 0
6 Post lens 8.10 1.336 16.40398 0.96
7 Retina 12.40
Grad A = 1.368 + 0.049057 Z  0.015427 Z2  0.001978 (X2 + Y2).
Grad P = 1.407  0.006605 Z2  0.001978 (X2 + Y2).
No retinal radius was provided, however a radius of 12.40 was adopted.
1692 R.C. Bakaraju et al. / Vision Research 48 (2008) 1681–1694Liou and Brennan assumed that dispersion of all the ocular media is similar to dispersion of water and the dispersion coefﬁcients are
described by the following equation.
N(media at k lm) = N (media at 0.555 lm) + 0.0512  0.1455 (k) + 0.0961(k)2SNo Medium at 555 A1 Cornea 1.376
2 Aqueous/Vitr 1.336
3 Lens centre 1.407
4 Lens edge 1.368SNo Surface name Radius of curvature Medium Thickness ConicD. Escudero-Sanz and Navarro (1999)
1 Cornea ant 7.72 1.376 0.55 0.26
2 Cornea post 6.50 1.3374 3.05 0
3 Pupil Inﬁnity 1.3374 0.00 0
4 Ant lens 10.20 1.4200 4.00 3.131
5 Post lens 6.00 1.336 16.40398 1.00
6 Retina 12.00
Adopted from; (Atchison and Smith, 2005) who determined chromatic dispersion for all media using 4-term Cauchy’s equation
N (k) = A + B/(k)2 + C/(k)4 + D/(k)6.SNo Medium A B C D1 Cornea 1.362017 7.00E03 1.02E09 9.76E13
2 Aqueous 1.322776 7.41E03 1.10E09 1.04E14
3 Lens centre 1.404662 6.91E03 8.20E08 9.36E13
4 Vitreous 1.322781 6.39E03 8.51E08 8.13E13SNo Surface
nameRadius of
curvatureMedium Thickness ConicE. David Atchison modiﬁed (refractive error dependent-emmetropic)
(2006)1 Cornea ant 7.77 1.376 0.55 0.15
2 Cornea post 6.40 1.3374 3.15 0.275
3 Pupil Inﬁnity 1.3374 0.00 0
4 Ant lens 11.48 Grad A 1.44 5.00
5 Equator Inﬁnity Grad P 2.16 0
6 Post lens 5.90 1.336 16.28 2.00
7 Retina 12.80 0.26At 555 nm,
Grad A = 1.371 + 0.0652778 Z  0.0226659 Z2  0.0020399 (X2 + Y2)
Grad P = 1.418  0.0100737 Z2  0.0020399 (X2 + Y2)
D Atchison (2006) model followed; (Atchison & Smith, 2005) who determined chromatic dispersion for all media using 4-term Cauchy’s
equation
N (k) = A + B/(k)2 + C/(k)4 + D/(k)6SNo Medium A B C D1 Cornea 1.361594 6.01E03 6.76E08 5.91E13
2 Aqueous 1.323016 6.08E03 7.07E08 6.15E13
3 Lens-centre 1.401105 6.58E03 6.16E08 5.96E13
4 Lens-edge 1.354665 6.36E03 5.96E08 5.76E13
5 Vitreous 1.322357 5.56E03 5.82E08 5.04E13
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